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We investigate the large time behavior of multi-dimensional aggregation equations driven
by Newtonian repulsion, and balanced by radial attraction and confinement. In case of
Newton repulsion with radial confinement we quantify the algebraic convergence decay
rate toward the unique steady state. To this end, we identify a one-parameter family
of radial steady states, and prove dimension-dependent decay rate in energy and 2-
Wassertein distance, using a comparison with properly selected radial steady states. We
also study Newtonian repulsion and radial attraction. When the attraction potential is
quadratic it is known to coincide with quadratic confinement. Here, we study the case of
perturbed radial quadratic attraction, proving that it still leads to one-parameter family
of unique steady states. It is expected that this family to serve for a corresponding com-
parison argument which yields algebraic convergence toward steady repulsive-attractive
solutions.

Keywords: Nonlocal transport; aggregation; Newtonian repulsion; radial confinement;
radial attraction.
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1. Introduction

In this paper, we study the large time behavior of the first-order aggregation
equation

Op+V-(pu) =0, u(t,x)=-Ve(t,x), (1.1)
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subject to prescribed initial distribution, p(0,x) = po(x), with mass

mo = /po(x) dx = /p(t,x) dx >0, Vt>0. (1.2)

The dynamics we have in mind for (II]) governs the interaction of infinitesimal
mass elements, p(t,x)dx, which are dominated by repulsion near in the immedi-
ate neighborhood of x € R? and balanced by attraction and confinement which
dominate away from x. This reflects “social” interactions encountered in applica-
tions — describing collective dynamics in ecology, human interactions or sensor-
based crowds B2EHI2IAIG 1) this paper, we consider the case of Newtonian repulsion
V(=A)"1p(t,x) coupled with attraction VW * p(t,x) and confinement VV(x),

u(t,x) = =Vo(t,x),

(1.3)
(t,x) = /N(X —y)p(t,y)dy + /W(X = y)p(t,y)dy + V(x).

Here, p(t,x) > 0 is the large crowd density distribution of “agents”, varying in
time-space (¢,x) € (Ry x R?), A is the Newtonian potential satisfying AN = —§,

1
—§|X|, d: 1,
1
N(X) = —2—10g|X|, d= 27 (14)
™
|X|C%, Cd>0,d23

and V(x) = V(r) and W(x) = W(r),r = |x[,W(r) > 0 are confining external
potential and, respectively, a pairwise attraction potential, both are assumed radial,
smooth and with Pareto tail at infinity

lim V'(r)rd¢=! = oo, (1.5)

T—00

so that the external potential (— and likewise, the pairwise interaction potential)
dominates the Newtonian repulsion at infinity, limp_oo V(R)/N(R) = oco.

This paper is concerned with the large time behavior of the aggregation equation
(1), when Newtonian repulsion is balanced by the presence of either confinement
or attraction induced by a potential, V), or respectability, WW. Observe that a steady
state of (L), po, is characterized® by a velocity field which vanishes on the support
of p, i.e.

- / VN (x = y)poo(y) dy — /VW(X —¥)p(y)dy — VV(x) =0,

VX € Supp poo- (1.6)

2A steady solution of (), V - (pooc V®oo) = 0, implies [ poo|VPoo|? dx = 0, i.e. Uss vanishes on
SUpp poo in agreement with (8] below.
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Taking divergence, then (6] implies

Poo (X /AWX ¥)poo(y)dy + AV(x), VX € supp poo, (1.7)

which appears to be a key property of steady states. The set of steady states is not
empty: indeed, ([LI)) is the 2-Wasserstein gradient flow of the total energy

- % / N(x = y)p(y)p(x) dy dx + %/ W(x — y)p(y)p(x) dy dx

+ [ Vo) dx

i.e. its solution p(t, x) satisfies the energy dissipation law

/ u(t, )P p(t, %) dx == ~Dlp(t, )], E(t) == Elp(t, ). (L8)

By compactness arguments F[p] admits a global energy minimizer, {ps : D[poc] =
0}, which is a steady state of (ZII). The main question, therefore, is whether the
steady state po, is unique, and whether the solution p(t,-) converges to ps as
t — o0.

2. Main Results

We will use C' and ¢ to denote positive constants, being large and small respectively,
which may depend on V, W, and pg, but otherwise, are independent of the other
parameters; their specific values may change from one equation to the next. For
notation simplicity, we will assume d > 2 in the rest of this paper. The counterparts
of all results for d = 1 are rather straightforward, and outlined in appendix. Bgr
denotes the d-dimensional ball B = {x : |x| < R}.

2.1. Newtonian repulsion with external confining potential
We first present the results for (LI with W = 0, i.e. the model with Newtonian
repulsion and external confining potential

Op+V-(pu) =0, u(t,x) /VJ\/ (x—y)plt,y)dy — VV(x). (2.1)

The repulsion-confinement equation (Z1]) is the gradient flow of the corresponding
energy dissipation law

= 3 [ M=yt ay ax+ [ Vi ax 2.2)

We note in passing that at least formally, (1)) is a 2-Wasserstein gradient flow of
the total energy E[p]; consultS8TUHIS for o rigorous derivation.

Existence of global minimizer. Our first result, summarized in Theorem 2]
below, proves the existence of compactly supported, global energy minimizer of the
repulsion-confinement energy functional (Z2]).
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Theorem 2.1. Consider the d-dimensional energy @2), d > 3, with C?-potential
V such that limy| . V(X) = oo. Given arbitrary mo > 0, it admits a compactly
supported global minimizer ps = argmin,cg E(p) in S = {p e L':p >0,
[ pdx =mo}.

Existence of minimizers for energy functionals involving potentials with a finite
limit lim)x| oo V(X) = Vo goes back to Lions’ original work on concentration-
cancellation. [I7, II.4] Related works on existence of minimizers for attraction—
repulsion energy functionals using concentration compactness arguments can be
found in Refs. [19, 12} [7 and [5] and using symmetry and symmetric rearrangement
arguments in Refs. [0 [18 and Here we use compactness arguments to prove the
existence of compactly supported global minimizer in the admissible class

SM::{pELlﬂL"O:p>07/pdx:m07|p||Loo<M}. (2.3)
We first prepare the following comparison principle.

Lemma 2.1. Fiz the constants mg, E,, and M > Tﬂ'}f‘(l’ For every p € S™ such
that E[p] < E,,, there exists p1 € SM such that E[p1] < El[p], with compact support

supp p1 C Bg, for R depending on E,,, mg, d and V but independent of M.

Proof. Without loss of generality, assume min V = 0. Let R > 1 be a large constant
to be chosen.
Set € := [z. pdx. Since N'> 0 for d > 3,
R

Elpxa,] < Elp] — € min V(x). (2.4)

We first choose R large enough such that minxeps, V(x) > 2;3—;” This implies € <
1myg since Elpx,,] = 0. We now define py
mo — 2€ 2€
= — — . 2.5
P1 mo — € PXsp + |]B1|X]E1 ( )

Then p1 > 0, [ p1 dx = myg, and

2e 2e
o < 7M+ 1-— M+ — < M.
leallz mo — [By] = < mo) [B1]

Thus, p1 € SM. Moreover, p; is compactly supported, suppp; C Bg, and it
decreases the energy of p, for large enough R:

mo — 2€ 2¢
E[p| < E|22—=°
[p1] < {mo_epx%}r [|B|XE1}

-2
+ [ M= Ay, ()

mop — €
< Elpx,,, ] + Ce+ Ce||[N * x;, ||z

< E[p] — e min V(x) + Ce
x€BG
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with C' depending on mg and maxxep, V(x). Hence choosing R large enough such
that minxeps, V(x) > C, then E[p;] < E[p] and the lemma follows. O

Proof of Theorem 231 Without loss of generality, assume min ) = 0. Therefore
E[p] > 0 always holds. Fix any M > %g?‘) and take an energy minimizing sequence
{pMY in SM | with E[p,] < E,, where E,, is a constant independent of M. By the
previous lemma, we may replace p}! by pi!, € SM such that supp pi, C Bg for
some R independent of M, and {p}%,} is still a minimizing sequence. Since {p}”,}
is uniformly bounded in L? for any 1 < p < oo, there exists a sub-sequence (still
denoted as {p}’}) which converges weakly in LP, to a limit denoted as p}! with
supp pM C Bg. Weak LP-convergence implies

lim [ p}f,Vdx = / Py dx

n—oo

and since (—A)~'pl" € WP converges LP-strongly to (—A)~!pl!, then also

lim [ p7 (=A) "' pil, dx:/ﬂ%(—ﬁ)“ﬂfﬁ dx.

n—oQ

We conclude that

lim E[p",] = E[pY] (2.6)

n—oo

i.e. pM is a global minimizer in S™.
We claim that

108l < My, My = AV (), (2.7)

for any admissible M (recalling that R is independent of M). Indeed, if we assume
that (Z7) fails, then p2! cannot be a steady state of () since a steady state, by
(@), should satisfy poo(x) = AV(X)Xsupp po. (X) and therefore cannot exceed My.
Let p(t,-) denote the solution to ([Il) subject to the “non-steady” initial condition
pM . The evolving solution satisfies ||p(¢, )| L= < ||pX|| L (cf. STEP 1 of the proof
of Theorem 3] below), that is, p(t,-) € SM yet E[p(t, )] < E[p}] for any t > 0,
which contradicts the minimizing property of pX in SM. Therefore ([27) holds,
implying that

in Elp] = min Elp], VM > My = |[|AV||p®)- 2.8
min, Elp] min [p] > My = ||AV]|L~Bx) (2.8)
Thus, peo := pXv is a global minimizer, uniformly bounded in SM for any M >

[AV]| L Br)-

Finally, we claim that this ps is in fact a global minimizer in S = {p € L' :
p > 0,[pdx = mg}. Otherwise, if there exists a p € S with a lower energy,
E[p] < E[poo], then we consider the truncated

M . mo

= Wmin{p,M}. (2.9)

p
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Then pM € SM and

E[”M“(W)z fmin{p, M)] < (mﬁm (2.10)

and the last quantity converges to E[p] as M — oo. Therefore, for sufficiently large
M, there holds {p™ € SM : E[p™] < E[pw]}, but this contradicts the minimizing
property of ps, in SM. |

Uniqueness of steady states. It is straightforward to show that global minimiz-
ers asserted in Theorem 2] are unique for any external potential V(x): indeed,
given any two minimizers pg and p; with the same total mass and considering the
homotopy

ps(x) == (1 = 8)po(x) + sp1(x), 0<s<1, (2.11)
d2

ds?
energy minimizer. However, the uniqueness of global energy minimizer does not
imply the uniqueness of steady state. In fact, a 1D example outlined in the appendix
shows that if V is not convex, then generally speaking steady states may not be
unique, despite the uniqueness of global energy minimizer. This suggests that the
conclusion of uniqueness of steady states asserted in the theorem below is far from
trivial.

one can verify the convexity — F|[p;] > 0, which implies uniqueness of the global

Theorem 2.2. Consider the aggregation equation 21) with radially-symmetric
confinement V(x) = V(r), satisfying (L3) and AV(x) > 0,Yx. Then for each
mo > 0, @) admits a unique compactly supported steady state with total mass mo,
and it is radially-symmetric.

Remark 2.1. In the appendix& consult Proposition[A.2], it is shown under a restric-
—1

tive tail condition, V'(r) 2 r~ ¢F1 for r > Ry, that a steady solution of (ZII) must

be compactly supported. The gap between ([H]) and this tale condition remains

open.

Proof. As a first step we record the following family of radially symmetric steady
states parameterized by a cut-off radius R > 0

pa(%) i= AVX)Xjx<n(x).
Indeed, the total potential field generated by pr(x)
g /./\/x— V)p,(y)dy + V(x /./\/x— Y)AV(Y)X |y |<r(y)dy

+V(x),
is radially symmetric and harmonic in Bp

—APr(x) = AV(X)X|x<r(X) —AV(x) =0, Vx| <R.
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Therefore, ®r(x) is constant in |x| < R and ug = —V®p vanishes there,
/VN(x—y)AVXBR(y) dy + VV(x) =0, Vx € Bg, (2.12)

which means that pr = AVXg,,, satisfying (0]), is a steady state. Observe that
this family of steady-states can be equally parametrized by their total mass: for
any mg > 0, there exists a uniquely determined Ry = Ro(mg) > 0 such that? (S?—!
denoting the d-dimensional unit sphere)

L /AVX dy = " g(rdflv’(r))dr = RITW/(Ry) =m

|Sa-1] Bry , or 0 0 0-

In the second step, we consider a compactly supported steady state poo: we will

show that it must coincide with p, for properly chosen R. To this end recall that
according to (L) (with W = 0), a steady state of (2.1]) satisfies

Poc (%) = AV(X) Xsupp pee (X) (2.13)
and by (LA) with W = 0, it is characterized by

- / VN (x — y)AV(Y)Xsupp poe (¥) dy — VV(x) =0, VX € supp po. (2.14)

Let R denote its finite diameter Ro, = MaXyxesupp po |x|. We turn to compare poo
with the steady solution p, = AVXg, . By our first step, the latter is a steady
state, hence it also satisfies (LG) (with W = 0), namely

—/VJ\/(X —y)AV(y)XB, (y)dy — VV(x) =0, VxeBg,. (2.15)

By definition, Br_ D supp pso and there exists x € supp poo such that |x| = Rx.
Taking the difference between (214]) and (2I5]) and multiply by that x gives

=[x UN = DAV s o () dy = 0. (2.16)

Now, with VN (x) = —cq|x|~%x we compute that for any |y| < Ruo, consult Fig. [I]
below,

Cd Cd

x-VN(x—y) = (x—y) = (R, —x-y)

Ix —yl?

<0, |y|<Rw. (2.17)

Tx—y

Thus, the first integrand in (2I06) does not vanish; by assumption, the second
integrand is strictly positive, and consequently the third integrand must vanish,

SUPP poo = {y : [y| < Reo }- (2.18)

Therefore, the steady state ps is uniquely determined as the radially symmetric

Poo = AV (X)X |x|<Ro (X). m|
T—00

PWe make a minimal growth assumption 7¢=1V"(r) "=5° oco.
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Convergence rate toward equilibrium. A similar comparison argument has
been used in Ref.[d in the case of quadratic potential V(x) = |x|?. Here we extend
this argument to general radially-symmetric potentials. Moreover, we pursue a con-
siderably more intricate comparison argument to study the rate of equilibration of
@). This is the content of our next result.

Theorem 2.3. Consider the aggregation equation 1) with a C® radially-
symmetric confining potential V(x) = V(r), satisfying

0<a<AVEX)<A<oo, Vx (2.19)
and subject to compactly supported initial data py with uniform lower-bound®

£0(X) = pmin >0, Vx € supp po.

Then its energy E(t) = E[p(t,-)] decays toward the limiting energy Foo,

. d+2 -

Furthermore, p(t,-) converges to ps with L'-convergence rate
p(t,) = poollr < Cy(1+)7772. (2.21)

The proof, provided in Sec. [3 proceeds by comparing between the family of
steady solutions, p,, with R(t) := maXycsupp p(t,) [X| associated with the given
solution p(t,-), and the steady state p,. Compared with the argument outlined in
Theorem [Z2] here we lack the steady state characterization (ZI3)): in fact, even if
(ZI3) is assumed to hold for the initial data, pg = AVXgupp po » it does not necessarily
propagate in time. We resolve this difficulty by introducing the functional

F(t) = %/(p(t,x) — AV(x))?p(t,x) dx, (2.22)

which measures the discrepancy of p(t, x) from satisfying (Z.I3)). Then, we design a
Lyapunov-type modified energy functional, E by combining F(t) — E,, F(t) and
the discrepancy of radius R(t) — R where

R(t)= max |x|, Re = max [x]. (2.23)
x€esupp p(t,-) XESUPP Poo

Verifying the algebraic decay rate of E implies the result (Z20), as well as quantifies
the algebraic rate of R(t) — Roo,

(R(t) — Roc)s S Cy (1 4 t) 72070

The proof of Theorem tells us that the aggregation solution p(t,-) approaches
the unique steady state po in the sense of 2-Wasserstein distance with algebraic

“Note that pg is therefore discontinuous on dsupp po while assumed bounded away from vacuum
on supp po.
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convergence rate. Note that in the case d = 2 this algebraic rate v can be arbitrarily
large, while for higher spatial dimensions, -y is restricted by a d-dependent constant.

Remark 2.2. The same methodology may also apply to V(x) which is not radially-
symmetric, as long as the first step in our proof of Theorem goes through.
To be precise, assume the existence of a parameterized family of steady states,
{poc(x;p)}, such that (i) supp peo (+; p) is convex, and (ii) the following monotonicity
condition holds, supp peo(+;p1) C SUpp poo(+;p2) whenever p; < po (and as before,
there is one-to-one correspondence with the initial mass p = p(mg)). Then one can
obtain the uniqueness of steady states for fixed pg, and derive the equilibration rate
via a similar approach. It remains open to explore more general class of external
potentials which give rise to the existence of such a family of steady states.

2.2. Newtonian repulsion with attraction

We apply the ideas in the previous subsection to study the aggregation equation
(CI), (C3) with pairwise interaction potential ® given by sum of Newtonian repul-
sion and smooth attraction potential W,

Ohp+V-(pu)=0, ut,x)=-Vo&, I=Nxp+Wxp. (2.24)

Observe that being a solution of the dynamics with pairwise attraction equation
@24)), p can be also viewed as a solution of the external potential equation (2.T])
with a p-dependent potential V, = W x p(t,-). The distinction is that V), is time-
dependent, except in the case of quadratic pairwise attraction, Wh := %|x|2. Indeed,
since (Z24) preserves the center of mass ¢o := [xpo(x)dx = [xp(t,x)dx, one
may assume ¢y = 0 without loss of generality, hence

V(Ws * p)(t,x) = /(x —y)p(t,y)dy = mox = =V (x), Vi:= %m0|x|2.

Thus, the forcing induced by pairwise quadratic attraction is equivalent to aggre-
gation with quadratic confinement, —V® = —VAN xp—VWsxp = —VN xp—VVs.
The following theorem states the uniqueness of steady states of pairwise attraction
[224)) for potentials, W, close to quadratic.

Theorem 2.4. Consider the aggregation equation (Z24) with an attraction
potential
_ xP

W(x) = d +w(x), |Aw(x)| <e, (2.25)

where w(x) = w(|x|) is a radially-symmetric perturbation of “order” € > 0, depend-
ing on d. Then for each mo > 0, Z24) admits a unique steady state (up to
translation) with total mass mg, and it is radially-symmetric.

The case w = 0 corresponds to Theorem 2.2 with ® = A * p+ Vo, Theorem 2.4
can be viewed as a perturbation of Theorem 22 ® = N % p + V), with a perturbed
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potential V = Vo+wx*p, satisfying AV = d+Aw*p > 1—emg > 0. Alternatively, this
can be viewed as aggregation driven by quadratic external forcing, ® = N, * p+ Vs,
with perturbed Newtonian repulsion N, := AN + w.

We expect that an explicit algebraic equilibration rate can be obtained by the
same method as the previous subsection, and this is left as future work.

3. Equilibration of Newtonian Repulsion with Confining Potential

In this section, we prove Theorem We first prepare a quantitative version of

&1D).
Lemma 3.1. For any x with |x| = R > 0, there holds
Vy #x, ly| <R,d>2. (3.1)

Indeed, since (x —y) - x = L (|x —y|* + [x[? — |y[?) > 3|x —y/|*, BI) follows in

view of
(d - 2)Cd (d - 2)Cd
. — = (x — < 7 TJa
x-VN(x—y) F——r x-(x—y)< =
¢ 1-d
S—W, C:(d—2)0d2 y

with the proper adjustment of ¢ > 0 in the 2D case. In what follows, we use LP-4
denote the usual notation of Lorentz space, e.g. Ref. Bl
We will also need the following interpolation bound.

Lemma 3.2. For compactly supported g € L°(R?) there holds,

Callglls x llgliad, d>2
allgll 2 < llgll g ;

[1PZESS (3.2)

p4 1-2
Cp”9”i2 X gl d=2,Yp<2.

Indeed, if A\y(s) = [{x : |g(x)| > s}| is the distribution function associated with
g, then for any 1 < p < r < oo,

lollzoe
lgllpr: = r/o A" (s)ds

o 1/r N
< (/ smg(s)ﬁ> x (/ s (2)r ds)
0 S 0

3 1-2
= Cprllgllze % llgll
and B2) follows with (r,p) = (d,2). When d = 2 we use it with 7 = 2 and any
p < 2, so that for compactly supported g’s,

1

P P 1-2
lgllrzs S Cpllgllie x N9l < Collgllze X llgllLe’s V<2
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Proof of Theorem The assumptions of Theorem [2.2] are satisfied, and hence
a unique radial steady state po, with prescribed mass mg exists, satisfying poo =

STEP 1 — Upper and lower bounds of p. Tracing (Z]) along characteristics,
pli=0p+u-Vp=—pV-u=pAV —p), 0<a<AV <A,

implies that after a certain time ¢ (which may depend on a, A, minyesupp po £0(X)
but otherwise is independent? of max pg), there holds

% < p(t,x) <24, Vit>tg,Vx € suppp(t,-).

Therefore, by shifting the initial time if necessary, we may assume, without loss of
generality, that we have the uniform bounds

0< Pmin < P(t7X) < Pmax; vt > 07VX € supp p(tv ) (33)

STEP 2 — Estimate the discrepancy functional F(¢) in [222]). A straightforward
computation yields

4
dt

P(t) :/(p—AV)atp~pdx+%/(p—AV)Qatpdx
— = [(o-aV)V - (pdx+ [(o- AV)V(o - AV) - updx
:/(—Vp-u—pV-u—l—Vp-u—VAV-u)(p—AV)pdx
— [(olp - av) - VAV - u)(p - AV)pdx

< —punF(t) — / VAV -u(p - AV)pdx.

The second term on the right can be bounded in terms of the energy dissipation

rate D in (LI),

‘/(—vmz u)(p— AV)pdx

< HVHcs/IUI~|p—AV|pdx

Pmin 2||V||C3 )
< |V|es F+ D
Wl <2|V|03 oo

and we end up with %F(t) < —fwin ' 4 CD. This implies that F' is bounded: in
fact, since D = —%E it follows that F + C(E — E«) < Fy + C(Ey — E~ ). Hence
we seek the large time behavior for quantities F, (F — E) (and likewise R — R in

dFor example, take tp > max{|log mg% , %}
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the next step) which depending on their vanishing order < 1. Observe with small
enough €; > 0 there follows

4
dt

(B(t) — Exx) + 1 F(1) < -D+ (— p‘;“F + CD) < —e(D+F). (3.4)

To close this inequality, we will need to take into account the further discrepancy
between supp p(t, -) and Supp poo-

STEP 3 — Estimate of R/(t). Recall that R(¢) is the radius of supp p(¢, -), (Z23))
and assume for a moment that R(t) > R, see Fig. [l for a typical configuration.®

Fix x on the edge of supp p(¢), |x| = R. Then by (ZI2)) the velocity u in (L3)
amounts to

u(t,x) = —/ VN (x —y)p(t,y)dy — VV(x)
lyI<R
— _/l KRV./\/(X —y)(p(t,y) — AV(y))dy
_ /| VNG y)elt,y) ~ AV(y)) dy.

We estimate the last term by examining separately,’ uy := —VN*((p—AV)1+ Xz, ).
We begin by estimating the discrepancy from below, (p—AV)_Xg,,. By Lemma[B]

supp f(t, -)

4

Fig. 1. The support of p(t,-) inscribed in B vs. the limiting ball Br__ .

¢Note that supp pp and hence supp p need not be simply connected.
fHere and below we let z_, z; denote the negative and receptively positive parts of a real z.
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()= [ TNt y) - AV dy
ly[<R

< v /y|gR(”“"") ~ AV(y)) dy

- v (/ Ade—/ Ade)
ly|<Reo ly|<R

c
- AV dy
Ra=2 /Rm<|y<R
coa, 4 4
< _WE(R - R%)
S —R(R- Rx), (3.5)
where the second equality uses the fact that f\yl <ppy)dy =mo = f\yl <p. AVdy

and the second inequality uses the lower bound AV > a.

Next, we estimate the discrepancy from above, g = (p — AV),. Since VN €
L% then ||[VA # gllp~ < |lg]|pa:. Recall that g is uniformly bounded, supported
in B and satisfies the L? bound ||g[|3. < 1/pminF (t), so Lemma B2 implies the
existence of finite Cy, C), such that

X () = - / X NG 3)(pltsy) — AV()); dy

Ca(F(®)V4, d>2
Co(F(t))P/*, ¥p<d=2.

IN

[p(t,) — AV pas < { (3.6)

Using the bounds [33)), (30) we find

d X s
SR ~Re)y = swp u(t,x) 3 < —e(R(0) — Rec)y + C(FW)*,
|x|=R,x€supp p
with
d, d>2
s:=< 4 > 2.
-, Vp<d=2.
p

We note on passing that since F' is bounded (due to (B4)), hence (R(t) — Roo)+
remains bounded. We proceed to show its time decay.
Fix an arbitrary m > d. By Young’s inequality we have
d

7 (B = Boo)t < —em(R(t) = Rec) !

L (om)” (R(t) — R % (9) Fl).  (3.7)

8/
Note that since m > d then (m — 1)s’ > m: indeed, when d > 2 then s = d and
d > m' = m/(m — 1), and when d = 2 then we can always choose p so that
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4/m < p < 2 and with s = 4/p we then have (m—1)(4/p)’ > m. Therefore, choosing
small enough § > 0, makes the first term on the right of (1) dominates the second
for bounded R(t)’s, and we conclude the existence of large enough Cs > 0 depending
on (m, s, R ), such that

|
=

|
=
g
73
A

—em(R(t) — Roo)T + C5F (1),

Cm 1= %cm VYm >d,d>2. (3.8)

STEP 4 — We form the Lyapunov functional, E(t), as a suitable linear combina-
tion of

E(t) = (E(t) — Ex) + e F(t) + e2(R(t) — Roo),

with fixed €; > €2 > 0 which are yet to be chosen. Choosing the corresponding
combination of (L)), 34 and (B.8)) with small enough €5 then yields,

d ~ 1
EE < —c(D+F)—cmea(R— Ryo) + CeaF < —§cF —cea(R— R
(3.9)
with (re-labeled) constants 0 < ¢ < 1 < C' which are independent of e5.
STEP 5 — Close the estimate. We aim to show that
2d
2/ q= 5">5> d> 27
Elp(t)] = Bao < Cy((R(t) = Roo)Y" + F(1)), d+2 (3.10)

any ¢ > 1, d=2.

Combined with ([B3), we obtain, noticing that « := % > 1 and adjusting €2 < 1

if necessary,

which recovers (Z20), E(t) — Boo < E < (146)™7 with v = 1/(a — 1).
It remains to prove (BI0). Let p; denote the discrepancy of p from the steady
state poo = AVXp,__,

p1:=p—AVXg,_, /p1 dx = 0. (3.11)
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Observe that p; is uniformly bounded since AV and p are, and that is supported
in Bg; more precisely p1 = pXg\B,. — (AV — p)Xp,_  hence

o1, Yxsupppllt = / px + / AV - o) dx
Br\Broo BRo, NSupp p

S o I (pmm) </|AV p2p(t,x)d )1/2

< (R(t) — Roo)y + FY2(2). (3.12)

This implies that
o1t )l S (R(E) = Roo) 4 + FY2(0), (3.13)

by the mean-zero property of pi, since p; is nonpositive on (supp p)©.
Expressed in terms of pq, the discrepancy of the energy is given by

Blpl - B = [0t dx+ 5 [ [ Nx - y)mm(y) dxdy. (314)

Let us first bound the first linear term on the right of [BI4). Here ®o(x) :=
JN(x—y)AV(y)Xs,__(y)dy + V(x) is the total potential generated by the steady
state and as before, being radial and harmonic it remains constant in Br_ . Let
@oo(Roo‘ ‘) be the radial extension of this constant throughout Bg: since p; has

zero mean on By then ‘[BR LS (Room>p1(x) dx = 0, and since P (x) is Lipschitz
outside Br_ (because we assume that AV is), then (BI3) implies

oo (o o (i
/BR\BROO (‘D‘”(X) 2 (Rooﬁ)) p1(x) dx

S (R - ROO)—O—leHLl

S(R—Reo) + F(t). (3.15)

To estimate the quadratic term in ([BI4]), we separate between the cases d > 2 and
2d

d = 2. For the former, set ¢ = 112 € (1,2) and use Hardy-Littlewood-Sobolev

with A € L722* to conclude

‘/N(X —y)p1(x)p1(y) dx dy‘

<ol < ( / \ dex>
Br\Bro

2 2
q q

+ (/ |AV—p|qu>
BRoo
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2 R2 N\ @/o7 5
< Cpn(R—Ro)! + ( ) | 1av—ppax
Reo

Pmin
2 2d
S(R—Ro)i +F, q:m€(172)~

(3.16)

For the remaining case d = 2 we recall that p; has zero mean, hence the 2D
embedding [|p1([ -1 < Cyllp1][Ls recovers B.IG) for any ¢ > 1

| [N~ axas| = ol £ Collmliy, € (R- R+,

Vag>1.

Now (BI0) follows from BI4)—-EI4).

Finally, to show the convergence of p(t,-) to peo, we notice that the energy
estimate £ S (1 +1¢)77 implies

(R(t) = Roo)4 S (14 )72, F(t) S (1+1)77, (3.17)

where ¢ is as defined in (3I0). Therefore BI3]) implies
ot ) er = llp(t,-) = poollos S L+ 872+ L+ )72 S (L+4)77/% (3.18)
O

4. Uniqueness of Steady State for Newtonian Repulsion with
Near-Quadratic Attraction

First notice that ([Z28]) implies that for any r > 0,

w'(r)/|x|_rd5 /|x|_r|);—|~Vw(x)dS /XQAw(x)dx

Therefore

< €|B,|, (4.1)

w'(r)| <e- (4.2)

Ul 3

Proof of Theorem [Z:4l Let po be the global energy minimizer of E[p] among
all radially-symmetric density distributions with total mass myg. Since the gradient
flow (224)) preserves the radial symmetry, poo is clearly a steady state of (Z24)).
Assume p(x) is a steady state of ([224]) with total mass mo (and assume its
center of mass [ xp(x)dx = 0 without loss of generality), and we aim to show
P = Poo-
Denote R = maxxesupp p |X| and let

/ Wix — y)p(y)dy, Vao(x) = / Wix - ypwy)dy,  (43)
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be the attractive potential fields generated by p and p.,. Here Voo is radially-
symmetric because poo is. Then p(x) is a steady state of ([ZI)) with V replaced by
V), which implies

p= APy [ VA= ¥)AV) X (3) dy — VD
=0, VxE&Esuppp. (4.4)
Similarly
Poo = AVacXeupp poe

- / VA — ¥) AV (5)Xsupp e (¥) dy — FVo(x) = 0, Y € SuDp poc.
(4.5)

The assumptions on W imply that
1-e<AW(x)<14e€ Vx (4.6)
and therefore
mo(1 =€) < AV(x) <mo(1+e€), mo(l—e) < AVso(x) <mo(1+e). (4.7)

Next we compute

— /w(x — y)AlN)oo (¥)Xsupp poe (¥) dy

- / w(x — y)(AV(y) — Ao (¥))Xaupp prmupp po (¥) dy

+ /U}(X - Y)Av(y)xsupp P\SUPP poo (Y) dy
- / w(x - y)Af)oo (y)xsupp pm\suppp(y) dy

::Il+IQ+I3. (48)

STEP 1 — estimate [|AY — AV||re=.
We take the Laplacian of (£L8]):

AV(X) — AVso (x) = AL + Al + Al (4.9)
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and estimate the three terms on the right-hand side.

ALl = | [ = YHAVE) ~ AVl X s ) dy\

< € [supp pool - [JAV — AVs|| L=, (4.10)
by (Z2Z23).
|A12| = ’/ AU}(X - y)Ai}(y)Xsuppp\supppoo (Y) dy‘
< e-mo(1l+€) - |supp p\supp po|, (4.11)
by ([228) and (7).
To estimate I3, we first use the fact that p and p., have the same total mass,
and obtain
0= /p(x) dx — /poo(x) dx
= /Av(x)xsuppp(x) dx — /A],;OO(X)XSUPPPM (x) dx
— [ (AP0 ~ AV () X s ()
+ /Av(x)xsuw P\SUDP poo (x) dx
- / AV (%) Xaupp po\supp p(X) dX. (4.12)
Therefore

/ Ai}cxu (X)Xsupp Poo \SUPP p (X) dx
- \ [ V09 — AV X s - ()

+ / AV (%) Xaupp p\supp poe (X) dx

< [Supp peo| - [JAV — AV || 1 4 mo(1 + €) - [supp p\supp peo|-  (4.13)
This implies

AL| - ‘ [ A= AT (5 X o 5) dy‘

< € [Supp poo - |AV — AV + € mo(1 + €) - [supp p\Supp poo|.
(4.14)
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Finally, use these in ([£9) we conclude that
JAV = AVo|l 1 < 2¢- [supp poc] - AV = AVl
+2€-mo(1 +¢€) - [supp p\supp poo|. (4.15)
If € is small enough so that |supp peo| - 2¢ < 1, then

2e-mo(l+¢€)
1 — [supp poo| - 2¢

[AY — AV~ <

 [supp p\supp poo|. (4.16)

As a byproduct, this shows that unless AV — AV, = 0 which implies the
conclusion, we always have suppp ¢ supp pec = {x : |x| < R} and therefore
R > Ro. Now we will show that the option R > R, is impossible.

STEP 2 — use comparison principle. Assume on the contrary that R > R.
Taking V on ([LJ) and conducting similar estimates gives

- ~ 2R ~ ~
VD) ~ T (0] < - 20 o(fsupp o - [ AD — AT 1~
+mo(1+€) - [supp p\supp peo|), VI|x| <R, (4.17)
using |[Vw(x —y)| < elx%dy‘ <e- 22 by @2).
The fact that AT)OOX|X|§R is a steady state of (ZI)) with Voo implies
- [ VN ) AV ylcrly) dy - VO =0, Vx|SR (419

Taking difference with (£4)) and evaluating at x € supp p with |x| = R (such an x
exists due to the definition of R) gives

B /I <R VN(x = ¥)(AVw (y) = p(y))+ dy

- /| L TNG ) AVly) )y

— (VVao(x) — VV(x)) = 0. (4.19)
Since supp p C Bg and p = A\?xsuppp,
[(AVso(y) = p(y))-| < |AVe — AV, V]y| <R (4.20)

Also notice that since R > Ro, we have fIy\<Rp(y) dy = mo = f\y|<Rm AV
(y)dy, which implies = <

/y|<R AVoo(y)dy — /y|<R p(y)dy

= / AV (y) dy —/ AVoo(y) dy > mo(1 — )[{R < |y| < R}|.
ly|I<R

[y|<Roo
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Therefore
[ BPe) )by 2ot —Ol(Re S W S B @2
Take inner product of [@I9) with x. Lemma Bl with ([@21]) shows that
[ NG AP )  ply) dy

C
2 —Rd(i2 -mo(1 — e){Re < [y| < R}|. (4.22)

Then we estimate the other two terms in ([@I9)), after taking inner product with x:

X - / o VN (x — Y)(Af/oo(y) —p(y))_dy —x- (V\F}m(x) _ Vf/(x))

< AV — AVl / (=) - V(% = y)Xpy <r(y) dy

+ R|VV(x) — VVao (x)]
R2

~ ~ 2R - -
< JJAY — AVl oo - - +R-¢- = 2(|supp poo| - [|AV — AV || L

+mg(1+¢€) - [supp p\supp peo|)

. <1+46' |supp poo |

< 2e-mo(l+e) T supp ] - 2¢

2
i + 2d> - [supp p\supp poo|

R? [1+44e- o
<2 mo(1 4 o (LA Bsuppes] o
d  \1—[supp peo| - 2¢

x min{[{ Roe < [y| < R}|, |supp pl}, (4.23)

where the first inequality uses the fact that (—x) - VN(x —y) > 0 by Lemma 3.1}
the second inequality uses (17) and the fact that X|y <y is a steady state of (2.)
with V(x) = |x|?/(2d), and the third inequality uses (ZI6).

If R < 2R, then (22)) and [@23) contradict (@LIJ). In fact, if R > R, and
€ is small enough such that

5 1+e 1(1—|—46-|supppoo| 2)< Cd

“1-¢'d 1 — |supp peol - 2¢ (2Ro0)’

(4.24)

then the right-hand side of ([£22) is greater than that of ([@23]), which gives the
contradiction.
If R > 2R, then by the estimates

2d 1
2d

1
supppl < 7= R <yl < R} > By|- R, VR>2R,. (4.25)
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(#22) and (I23) contradict [I9), if € is small enough such that

1+e 1 /1+4e-|supp peol d_
2€ - - = 2] < 4.26
“Ca—er d<1—|supppcx,|-2e+ 75 (4.26)
Notice the estimate
1 Cd
ol £ ——, Rooc £ — 75, 4.27
[supp poo| < EEL (4.27)

which implies the smallness conditions ([@24) and ([£.20) on € only depend on d.
O

Remark 4.1. Compared to the proof of Theorem 2.2, the main new ingredient in
the above proof is a contraction argument, which can be seen in the derivation from

EI5) to @I6).

Appendix A
A.1. 1D steady state are not unique

In the appendix, we give a description of the steady states (ZII) when d = 1. In
this case, one can write (Z1]) as

Op+ 0y (pu) =0,  wu(t,x) /N' (z —y)p(t,y)dy — V' (). (A1)

Define m(t, z) as the primitive of p(t, x):

mit.)i= [ ple)ay— 22,

We have (omitting ¢-dependence)

/ 8, (pu) dy = p(x)u(x) (/N’x— y)dy — V<>)

/N'x— z—/:)oj\/'(x—y)aym(y)dy
== lim Nz —y)m(y) + lim Nz —y)m(y)

_ _% oy (_%) (=50) 4 m@) =m(@). (A2)

Therefore, by integrating (A1) in z, we see that m(t, ) satisfies
dm ~+ (m(x) —V'(z))0,m = 0.
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For fixed ¢, since m(t,z) is an increasing function in x, one can define X (¢, m)
as its inverse function, except a countable set of values of m. Then X (¢,m), for
almost all m € (—mgo/2,mo/2), satisfies an ODE

d
EX(t’ m) =m — V' (X). (A.3)
Therefore, as long as V is super-linear:
. / _ . / —
m11_>rJgOV (x) = o0, IE@WV (x) = —o0.

(A3)) drives X (t,m) to the equilibrium point 2 with V'(2) = m, which lies in the
same basin of attraction as the initial data X;,(m). If V is strictly convex, then
there is a unique z with V'(z) = m; otherwise there may be more than one z.
Therefore we conclude:

Proposition A.1. IfV is super-linear, then the solution to (A with compactly
supported initial data converges to a steady state as t — oo, in the sense that
limy oo X (t,m) = Xoo(m) for almost all m € (—mo/2,mo/2)x, for some Xoo(m)
with V' (Xoo(m)) = m.

If in addition, V is strictly convex, then the steady state is unique for each fixed
mo; if V' (x) > a > 0,Va, then the convergence rate of the limit limy_, X (t,m) =
Xoo(m) is exponential, being uniform in m.

If V is not convex, then the steady state may fail to be unique.

A.2. Steady states must have compact support

Proposition A.2. Let d > 2, and V be a radial potential satisfying AV(x) >
0,¥x € RY, ||AV| L~ < oo and the condition:

V'(r) > cpr~ @1, Yr > Ry, (A.4)

for some Ry > 0, where ¢y, > 0. Then any steady state of has compact support.

Proof. Let p = AVXqupp, be a steady state, and take R > 0. We aim to prove
that when R is large enough, then supp p N {|x| = R} = 0. In the rest of the proof,
we denote

eR:/ p(x)dx, satisfying lim er = 0. (A.5)
|x|>R R—o0

Suppose the contrary, then we take x € supp pN{|x| = R}, and we may assume
x = (R,0,...,0)T without loss of generality. The steady state equation (ICH]) implies

- / VN (x — y)ply) dy — VV(x) = 0.

Taking inner product with x gives

_ / X VN(x — y)p(y) dy — V/(R)R = 0. (A.6)
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We aim to show that the left-hand side is negative which leads to a contradiction.
We first write

—/X~VN(X—Y)P(Y)dy:C/w (v)dy

x—yld ”

<cf X (X=Y) oy dy

1<R |X—Y|d P
< —/ x- VN(x —y)p(y)dy
lyI<R

X-(X—y
+C/ (7d)p(y) dy
R—6<y:<R Ix — }’|

x-(x—y)
+C/ ———— - ry)dy, (A7)
s x—yl
where y; denotes the first component of y, § > 0 is small, to be determined, and
S:={y:y1 <RN\BrU{y:R-9§ <y <R}). (A.8)
Now we estimate the three terms on the right-hand side of (A7) separately:

The first term (combined with the term V/(R)R in (AXG)). Similar to STEP 3 of
the proof Theorem [Z.3] we use the assumption AY > 0 and write

- / X TN dy VI RIR = x- VN (x — y)AV(y) dy

Br\supp p

c
< ——_/ AV(y)dy.
Rd=2 Br\supp p

Notice that by the assumption (A,

/ AV(y)dy = / VV(y) - dS(y) = cR*™V/(R) > cR* '~
ly|<R ly|=R

for R sufficiently large, and
/ AV(y)dy = my.
supp p

Therefore, since d — 1 — % > 0, we get

d—1 2
- RITITET = —cR7,

_/ x-VN(x —y)p(y)dy — V'(R)R < — d—2
ly|[<R r

The second term. One can show that for fixed y; < R, writing y = (y1,y’),y’ €

Rd_l
X (X_Y) /
ER= L
Rd—1 y
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is independent of y;. In fact,

X (X_y) ’ / R_yl /
= . dy’ = d
x| /Rd—l —y[7 Y T S (B2 + 272 Y

1
f— _— d ! = C.
/ I+ )Y

Therefore, using the assumption ||AV||L~ < oo, we get

/R X (x=y) (y)dy < CR/ X /R x ) dy’ dy:

p =
—6<y1<R Ix — Y|d R—6<y1<R x| a-1 X — Y|d
< CIR.
The third term. We claim that
|x —y| > VIR, VyesS. (A.9)

For those y with y; < 0, this is clear because |x — y| > R in this case. For those
y = (y1,y’) with y1 > 0, notice that

x—yI* = (R=y)* +y'* 2 y'[* = Iy - vi-
By the definition of S, we have |y|? > R? and y? < (R — §)?. Therefore
Ix —y|* > R* — (R—6)*> = 26R — §° > R,
using the smallness of §. This proves the claim.
Using (A9), we get

|x|- (x —|Z’)| <R. | 1 — < R.(5R)~@-D/2 — 5-(d-D/2p—(d=3)/2,
X—-Yy X—y©

which together with the assumption ||AV||L«~ < 00, gives the estimate
/ x (x-y) Z’)p(y) dy < Cepd~=D/2R(d=3)/2,
s [x—vyl

using the fact that SN Br = 0.
Now we take

2/(d+1 —(d—
§ = (@) p=(d=1)/(d+1),

to equate the second and third terms, and finally obtain the estimate

0<- /|y<Rx-VN<x—y>p<y> dy Vi@ [ p(y) dy

R—6<y1<R Ix — Y|d

+C/ x|;((x ;|Z/)p(y) dy < —cR/(@+D) +Ce?{(d+1)R2/(d+1)~
S _

This gives the desired contradiction for large enough R, in view of (A5). O
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